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Abstract. We study the range of time-frequency localization operators acting 
on modulation spaces and prove a lifting theorem. As an application we also 
characterize the range of Gabor multipliers, and, in the realm of complex analysis, 
we characterize the range of certain Toeplitz operators on weighted Bargmann- 
Fock spaces. The main tools are the construction of canonical isomorphisms 
between modulation spaces of Hilbert-type and a refined version of the spectral 
invariance of pseudodifferential operators. On the technical level we prove a new 
class of inequalities for weighted gamma functions. 



1. Introduction 

The precise description of the range of a linear operator is usually difficult, if not 
impossible, because this amounts to a characterization of which operator equations 
are solvable. In this paper we study the range of an important class of pseudodiffer- 
ential operators, so-called time-frequency localization operators, and we prove an 
isomorphism theorem between modulation spaces with respect to different weights. 

The guiding example to develop an intuition for our results is the class of multi- 
plication operators. Let m > be a weight function on M. d and define the weighted 

space LP m (R d ) by the norm \\f\\ L?n = ( J Rd \f(x)\Pm(x¥ dx) = \\fm\\ LP . Let M a 
be the multiplication operator defined by M. a f = a/- Then L v m is precisely the 
range of the multiplication operator M.\/ m . 

We will prove an similar result for time-frequency localization operators between 
weighted modulation spaces. To set up terminology, let ir(z)g(t) = e 27rl ^'*^(t — x) 
denote the time-frequency shift by z = (x,£) G M. 2d acting on a function g on 
]R d . The corresponding transform is the short-time Fourier transform of a function 
defined by 



V a f(z) = / f(t)g(t - x) e 2 ^ dt = (f, Tr(z)g) . 



The standard function spaces of time- frequency analysis are the modulation spaces. 
The modulation space norms measure smoothness in the time-frequency space 
(phase space in the language of physics) by imposing a norm on the short-time 
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Fourier transform of a function /. As a special case we mention the modulation 
spaces for 1 < p < oo and a non-negative weight function m. Let 

h{t) = 2 d/4 e-"' 2 = 2 d/A e- 7 ™, t G R d 

denote the (normalized) Gaussian. Then the modulation space M^(R d ) is defined 
by the norm 

UWm^ = WVhfWiz, ■ 

The localization operator A 9 m with respect to the "window" g, usually some test 
function, and the symbol or multiplier m is defined formally by the integral 

AU= [ m(z)V g f(z)n(z)gdz. 

Localization operators constitute an important class of pseudodifferential operators 
and occur under different names such as Toeplitz operators or anti-Wick operators. 
They were introduced by Berezin as a form of quantization [2], and are nowadays 
applied in mathematical signal processing for time- frequency masking of signals and 
for phase-space localization [11]. An equivalent form occurs in complex analysis 
as Toeplitz operators on Bargmann-Fock space [31 HI [7]. In hard analysis they 
are used to approximate pseudodifferential operators and in some proofs of the 
sharp Garding inequality and the Fefferman-Phong inequality [22J [221127]. For the 
analysis of localization operators with time-frequency methods we refer to [H] and 
the references given there, for a more analytic point of view we recommend [23120] • 
A special case of our main result can be formulated as follows. By an isomorphism 
between two Banach spaces X and Y we understand a bounded and invertible 
operator from X onto Y. 

Theorem 1.1. Letm be a non-negative continuous symbol onM? d satisfying m(w+ 
z) < e a ^m(z) for w, z G M M and assume that m is radial in each time-frequency 
coordinate. Then for suitable test functions g the localization operator A 9 m is an 
isomorphism from the modulation space M^iW 1 ) onto M^ m (M. d ) for all 1 < p < oo 
and moderate weights fi. 

We see that the range of a localization operator exhibits the same behavior as the 
multiplication operators. For the precise formulation with all assumptions stated 
we refer to Section 4. The above isomorphism theorem can also be intepreted as 
a lifting theorem, quite in analogy with the lifting property of Besov spaces [32] . 
However, whereas Besov spaces B p s ' q with different smoothness s are isomorphic via 
Fourier multipliers, the case of modulation spaces is more subtle because in this 
case the time-frequency smoothness is parametrized by a weight function on M? d 
rather than by a single numbers G M. The lifting operators between modulation 
spaces are precisely the localization operators with the weight m. 

The isomorphism theorem for localization operators stated above is preceded 
by many contributions, which were already listed in [19]. In particular, in [10] it 
was shown that for moderate symbol functions with subexponential growth the 
localization operator is a Fredholm operator, i.e., it differs from an invertible op- 
erator only by a finite-rank operator. Here we show that such operators are even 
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isomorphisms between the corresponding modulation spaces, even under weaker 
conditions than needed for the Fredholm property. In the companion paper [H] 
we proved the isomorphism property for weight functions of polynomial type, i.e., 

c(l + \z\)~ N <m{z)<C((l + \z\) N . (1) 

The contribution of Theorem II .11 is the extension of the class of possible weights. 
In particular, the isomorphism property holds also for subexponential weight func- 
tions of the form m(z) = e a ^ or m(z) = e a ^ z ^ log ^ e+ ^ for a > 0, < b < 1, which 
are often considered in time-frequency analysis. We remark that this generality 
comes at the price of imposing the radial symmetry on the weight m. Therefore, 
our results are not applicable to all situations covered by [19], where no radial 
symmetry is required. 

Although the extension to weights of ultra-rapid growth looks like a routine 
generalization, it is not. The proof of Theorem II .11 for weights of polynomial type is 
based on a deep theorem of Bony and Chemin [6] . They construct a one-parameter 
group of isomorphisms from L 2 (M. d ) onto the modulation spaces M^ t (M d ) for t £ R. 
Unfortunately, the pseudodifferential calculus developed in [5] requires polynomial 
growth conditions, and, to our knowledge, an extention to symbols of faster growth 
is not available. 

On a technical level, our main contribution is the construction of canonical iso- 
morphisms between L 2 (M. d ) and the modulation spaces M^(M d ) of Hilbert type. In 
fact, such an isomorphism is given by a time- frequency localization operator with 
Gaussian window h(t) = 2 d ^e~ nt . 

Theorem 1.2. Assume that m is a continuous moderate weight function of at 
most exponential growth and radial in each time-frequency coordinate. Then the 
localization operator A 1 ^ is an isomorphism from L 2 (R d ) onto My m (M. d ). 

This theorem replaces the result of Bony and Chemin. The main point is that 
Theorem 11.21 also covers symbols of ultra-rapid growth. Its proof requires most of 
our efforts. We take a time-frequency approach rather than using classical methods 
from pseudodifferential calculus. In the course of its proof we will establish new 
inequalities for weighted gamma functions of the form 

C- 1 < / 9(Jx~J^)—e- x dx / == — 7 e~ x dx < C for all n E N U {0} . 

'Jo nl Jo 9{^x^)n\ 

The proof method for Theorem 11.11 may be of interest in itself. Once the canonical 
isomorphisms are in place (Theorem II ,2p . the proof of Theorem [1J] proceeds as fol- 
lows. It is easy to establish that A m is an isomorphism from to M 2 ,^, so that 
the composition A^^A^ is an isomorphism on M 2 ^. Using the canonical isomor- 
phisms of Theorem 11.21 one shows next that the operator V = A h / —A 9 ,, A^A 1 }, ,— 
is an isomorphism on L 2 and that the (Weyl) symbol of this operator belongs to 
a generalized Sjostrand class. After these technicalities we apply the machinery of 
spectral invariance of pseudodifferential operators from [16] to conclude that V is 
invertible on all modulation spaces (with \i compatible with the conditions on 
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m and the window g). Since V is a composition of three isomorphisms, we then 
deduce that A 9 m is an isomorphism from M p onto M v 

As an application we prove (i) a new isomorphism theorem for so-called Ga- 
bor multipliers, which are a discrete version of time-frequency localization oper- 
ators, and (ii) an isomorphism theorem for Toeplitz operators between weighted 
Bargmann-Fock spaces of entire functions. To formulate this result more explicitly, 
for a non-negative weight function fi and 1 < p < oo, let J-^(C d ) be the space of 
entire functions of d complex variables defined by the norm 

\\F\\ P TP = f \F(z)\ P i2(z) p e- pn ^ 2/2 dz < oo, 

and let P be the usual projection from L 1 1 oc (C d ) to entire functions on C d . The 
Toeplitz operator with symbol m acting on a function F is defined to be T m F = 
P(mF). Then we show that the Toeplitz operator T m is an isomorphism from 
j?p,q(£d^ on to J~^'? m (C d ) for every 1 < p, q < oo and every moderate weight fi. 

The paper is organized as follows: In Section 2 we provide the precise definition of 
modulation spaces and localization operators, and we collect their basic properties. 
In particular, we investigate the Weyl symbol of the composition of two localization 
operators. In Section 3, which contains our main contribution, we construct the 
canonical isomorphisms and prove Theorem II .21 In Section 4 we derive a refinement 
of the spectral invariance of pseudodifferential operators and prove the general 
isomorphism theorem, of which Theorem 11.11 is a special case. Finally in Section 5 
we give applications to Gabor multipliers and Toeplitz operators. 

2. Time-Frequency Analysis and Localization Operators 

We first set up the vocabulary of time-frequency analysis. For the notation we 
follow the book [15]. For a point z = (x, £) G M. 2d in phase space the time-frequency 
shift of a function / is n(z)f(t) = e 2 ^ l f{t -x),te R d . 

The short-time Fourier transform: Fix a non-zero function g G Lj 0C (M. ) 
which is usually taken in a suitable space of Schwartz functions. Then the short- 
time Fourier transform of a function or distribution / on M. d is defined to be 

V g f(z) = (f J 7r(z)g} zeR 2d } (2) 

provided the scalar product is well-defined for every z G M. 2d . Here g is called a 
"window function". If / G L p (R d ) and g G L p ' {R d ) for the conjugate parameter 
p' = p/(p — 1), then the short-time Fourier transform can be written in integral 
form as 

V g f(z)= [ f(t)gjt^x}e~ 2m ^dt. 

In general, the bracket (•, •) extends the inner product on L 2 (M. d ) to any dual pairing 

between a distribution space and its space of test functions, for instance g G 

and / G iS'(!R d ), but time-frequency analysis often needs larger distribution spaces. 
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Weight functions: We call a locally bounded, strictly positive weight function 
m on R 2d moderate, if 

(miz + y) m(z — y)\ , . „ ~ A 

sup v . , , v . , := v(y) < oo for all y G R . 

The resulting function f is a submultiplicative weight function, i.e., v is even and 
satisfies v{z\ + 22 ) < ^(^1)^(^2) for all z±, z 2 G R 2d , and then m satisfies 

m(zi + z 2 ) < v(z 1 )m(z 2 ) for all z X: z 2 G R 2d . (3) 

Given a submultiplicative weight function v on R 2d , any weight satisfying the 
condition ([3]) is called f-moderate. For a fixed submultiplicative function v the set 

M v := {m G L^ C (R M ) : < + z 2 ) < u(z 1 )m(z 2 ) V*i, z 2 G R 2d } 

contains all v-moderate weights. 

We will use several times that every v -moderate weight m G M v satisfies the 
following bounds: 



< — p( < - 22) for all zi, z 2 G R 2d . (4) 
v{z 1 -z 2 ) m{z 2 ) 

This follows from (j3J) by replacing Zi with z x — z 2 . 

Modulation spaces for arbitrary weights: For the general definition of 
modulation spaces we choose the Gaussian function h(t) = 2 a! / 4 e~ 7r *'' as the canoni- 
cal window function. Then the short-time Fourier transform is defined for arbitrary 
elements in the Gelfand-Shilov space (Sy^Yi^) of generalized functions. The mod- 
ulation space MPf(R d ), 1 < p, q < 00 consists of all elements / G (Sljl)' (R d ) such 
that the norm 



M 1 ' 



\V h f(x,0\ p m(x,0 P dxy /P d^ 1/q = \\V h f\\ L P, (5) 



is finite. If p = 00 or q = 00, we make the usual modification and replace the 
integral by the su.prGixiu.ixi norm 1 1 • 1 1 j^oo . If m = 1, then we usually write M p,q 
instead of M™. We also set M£ = M^f and M p = M». 

The reader who does not like general distribution spaces, may interprete M^ q (M. ) 
as the completion of the finite linear combinations of time-frequency shifts Ho — 
span{7r(z)/i : z G R M } with respect to the M^-norm for 1 < p, q < 00 and as 
a weak*-closure, when p = 00 or q = 00. These issues arise only for extremely 
rapidly decaying weight functions. If m > 1 and 1 < p, q < 2, then M^ 9 (R d ) is in 
fact a subspace of L 2 (R d ). If m is of polynomial type (cf. (OQ)), then M^ 9 (R d ) is 
a subspace of tempered distributions. This is the case that is usually considered, 
although the theory of modulation spaces was developed from the beginning to 
include arbitrary moderate weight functions [T2l[T5| [T?] . 

Norm equivalence: Definition (J5]) uses the Gauss function as the canonical 
window. The definition of modulation spaces, however, does not depend on the 
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particular choice of the window. More precisely, if g G M*, g ^ 0, and m G A4 V , 
then there exist constants A, B > such that 

A ||/|| A/r < \\V g f\\ L ™ < B\\f\\ M ™ = B\\V h f\\ L? , . (6) 

We will usually write 

ll^/to x ll/IUe 9 

for the equivalent norms. 

Localization operators: Given a non-zero window function g G M^{R d ) and a 
symbol or multiplier m on M 2d , the localization operator A 9 m is defined informally 
by 

AU= [ m{z)V g f{z)it{z)gdz, (7) 

provided the integral exists. A useful alternative definition of A 9 m is the weak 
definition 

( A Lfi k ) L 2 {Rd) = (mVgf, V g k) L 2 {R 2 d) . (8) 
While in general the symbol m may be a distribution in a modulation space of the 
form M^ v (M. 2d ) [UED], we will investigate only localization operators whose symbol 
is a moderate weight function. 

Taking the short-time Fourier transform of (j7|), we find that 

V g {A° n f)(w)= [ m(z)V g f(z)(n(z)g,n(w)g)dz=((mV g f)^V 9 g)(w), 

with the usual twisted convolution \ defined by 

(F \ G) (w) = [ F(z)G{w- z ) e ^<^2) dz ^ 

Since 

F \-> [ F(z)(7c(z)g,n(-)g)dz 

is the projection from arbitrary tempered distributions on M? d onto functions of 
the form V g f for some distribution /, the localization operator can been seen as 
the composition of a multiplication operator and the projection onto the space 
of short-time Fourier transforms. In this light, localization operators resemble 
the classical Toeplitz operators, which are multiplication operators following by a 
projection onto analytic functions. Therefore they are sometimes called Toeplitz 
operators [TT? P 5 | I5U] . If the window g is chosen to be the Gaussian, then this formal 
similarity can be made more precise. See Proposition 15.51 

2.1. Mapping Properties of Localization Operators. The mapping proper- 
ties of localization operators on modulation spaces resemble closely the mapping 
properties of multiplication operators between weighted L p -spaces. The bound- 
edness of localization operators has been investigated on many levels of general- 
ity [HII2S1E3] • We will use the following boundedness result from [TU, 30]. 

Lemma 2.1. Let m G M v and fx G Ai w . Fix g G M^ w (M. d ). Then the localization 
operator A 9 1/m is bounded from M£> 9 (R d ) to M^(M d ). 
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REMARK: The condition on the window g is required to make sense of V g f for / 
in the domain space M^ q (R d ) and of V g k for k in the dual M(£ m) {R d ) = (M™)' 
of the target space M™ for the full range of parameters p, q G [l,oo]. For fixed 
p,q G [1, c>o] weaker conditions may suffice, because the norm equivalence (ED still 
holds after relaxing the condition g G into g G Ml for r < min(p,p', q, q') [3T] . 
On a special pair of modulation spaces, ^4^/ m is even an isomorphism [Tj5] . 

Lemma 2.2. Lei g G Ml, m G A^„, and set # = m 1//2 . Then A 9 m is an isomorphism 
from M%(R d ) onto Mf /9 (R d ). 

Likewise A\/ m is an isomorphism from My e (M. d ) onto M|(M d ). Consequently 
the composition A^^A-j^ is an isomorphism on Mg(M. d ), and A^A^^ is an iso- 
morphism on ML(R ). 

Lemma 12.21 is based on the equivalence 

(AU, f) = (m, \V g f\ 2 ) = \\V g f ■ 6\\l x ||/||^ 2 , (9) 
and is proved in detail in [T91 Lemma 3.4]. 

2.2. The Symbol of A^^A^. The composition of localization operators is no 
longer a localization operator, but the product of two localization operators still has 
a well behaved Weyl symbol. In the following we use the time-frequency calculus 
of pseudo differential operators as developed in [TSldB]- Compared to the standard 
pseudo differential operator calculus it is more restrictive because it is related to the 
constant Euclidean geometry on phase space, on the other hand, it is more general 
because it works for arbitrary moderate weight functions (excluding exponential 
growth) . 

Given a symbol a{x,^) on M. d x M. d ~ R 2d , the corresponding pseudodifferential 
operator in the Weyl calculus Op(cr) is defined formally as 

Op{a)f{x) = J J v(^,t)e™(*-yKf{y)dydZ 

with a suitable interpretation of the integral. If C is a class of symbols, we write 
Op(C) = {Op(cr) : o G C} for the class of all pseudodifferential operators with 
symbols in C. For the control of the symbol of composite operators we will use 
the following characterization of the generalized Sjostrand class from [16J. For 
the formulation associate to a submultiplicative weight v(x,£) on M 2d the rotated 
weight on M. Ad defined by 

v(x,£,7i,y) = v(-y,7i). (10) 
For radial weights, to which we will restrict later, the distinction between v and v 
is unnecessary. 

Theorem 2.3. Fix a non-zero g G M*. An operator T possesses a Weyl symbol 
in M? 0,1 , T G Op(M?°' 1 ) ; if and only if there exists a (semi- continuous) function 
H G Ll(R 2d ) such that 

| (Tn(z)g, „{y)g) \<H(y- z) for all y, z G R 2d . 
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REMARK: This theorem says the symbol class M? ' 1 is characterized by the off- 
diagonal decay of its kernel with respect to time-frequency shifts. This kernel is 
in fact dominated by a convolution kernel. The composition of operators can then 
studied with the help of convolution relations. Clearly this is significantly easier 
than the standard approaches that work with the Weyl symbol directly and the 
twisted product between Weyl symbols. See [20] for results in this direction. 



Theorem 2.4. Assume that g G M^(R d ), T G Op(M™ A ) for s > 1/2, and 
9 G M vl/2 . Then A 9 e TA 9 1/e G Op(M^\ /2 ). 

Proof. We distinguish the window g of the localization operator A 9 m from the win- 
dow h used in the expression of the kernel (TTr(z)h,Tr(y)h). Choose h to be the 
Gaussian, then h G Ml for every sub multiplicative weight v. Let us first write the 
kernel (T7r(z)h, ir(y)h) informally and justify the convergence of the integrals later. 
Recall that 

T(A{ f) = T( [ 6(u)- l {f^(u)g)ix(u)gdu 
Then 

(A 9 e TA 9 1/9 7r(z)h,7r(y)h) = (TA 9 1/d 7r(z)h, Afr(y)h) 

/ ir(z)h, n(u)g) (T-K(u)g, -n{u')g*) 6(u')(n{y)h, Tt{u')g') dudu 1 . (11) 



4d 9{u) 
Now set 

G(z) = \(g,7r(z)h)\ = \V h g(z)\ and G*(z) = G(-z) 

and let if be a dominating function in Lj(R 2d ), so that \(TTc(u)g,Tr(u')g)\ < H(u! — 
u). Since time-frequency shifts commute up to a phase factor, we have 

\(n(z)h,n(u)g)\ = G(z-u). 

Before substituting all estimates into (fTTj) . we recall that 9 is \/v-moderate by 
assumption and so (jlj) says that 

^ < v(u' - u) 1 ' 2 for all u, u G R 2d . 
6(u) 

Now by (TTTT) we get 

\(A 9 d TA 9 1/e ir(z)h,7r(y)h)\ 

< [ [ ^-G{z-u)H{u' - u)G{y - u') dudu' 

J R 2d J K 2d 6{U) 

< G(z — u)v(u — u) l l 2 H{u — u)G{y — u) dudu 

JR 2d JR 2d 

= (G*(v 1/2 H)*G*y z -y). 

Thus the kernel of AgTAy d is dominated by the function G * {v l l 2 H) * G* . By 
assumption g G M* s (R d ) and thus G G L l vS (R 2d ), and T G Op(M~ il ) and thus 
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H G Lls(R 2d ). Then v 1/2 H G Lj s _ 1/2 (R 2d ) . Consequently 

C7 * (^tf) * G* G L l va * L; s _ 1/2 * Lis C L^ 1/2 . (12) 
The characterization of Theorem 12.31 now implies that A^TA^ G Op(M!^l 1 1/2 ). 

■ 

Corollary 2.5. Assume that g G M* 2TO (M d ) and m G .A/^ and w is an arbitrary 
submultiplicative weight. Then A^rA^ G Op(M?~ )). 

Proof. In this case T is the identity operator and Id G Op(M^ > ' 1 ) for every sub- 
multiplicative weight vo(x,^,T],y) = Vo(r],y). In particular Id G Op(M^ 2 3 ' 1 ). Now 
replace the weight 9 in Theorem 12 .41 by m and the condition 9 G A"f„i/2 by m G 
and modify the convolution inequality ( TT2|) in the proof of Theorem 12.41 ■ 

3. Canonical Isomorphisms between Modulation Spaces of 

Hilbert-Type 

In [Tj5] we have used a deep result of Bony and Chemin [B] about the existence of 
isomorphisms between modulation spaces of Hilbert type and then extended those 
isomorphisms to arbitrary modulation spaces. Unfortunately the result of Bony 
and Chemin is restricted to weights of polynomial type and does not cover weights 
moderated by superfast growing functions, such as v(z) = e a ^ for < b < 1. 

In this section we construct explicit isomorphisms between L 2 (M. d ) and the modu- 
lation spaces Mq (M. d ) for a general class of weights. We will assume that the weights 
are radial in each time-frequency variable. Precisely, consider time-frequency vari- 
ables 

(x,£) ~ z = x + i£ eC d ~R 2d , (13) 

which we identify by 

(xx, 6; x 2 , 6; • • • ! x d) &) = (zi, z 2 , . . . , z d ) G C d ~ R 2d . 
Then the weight function m should satisfy 

m{z) =m {\z 1 \,...,\z d \) for z G R M (14) 

for some function mo on = [0, oo) d . Without loss of generality, we may also 
assume that m is continuous on M? d . (Recall that only weights of polynomial type 
occur in the lifting results in [TjJ] . On the other hand, no radial symmetry is needed 
in 02].) 

For each multi- index a = (oti, . . . , a d ) G N d we denote the corresponding multi- 
variate Hermite function by 

d nl/A n/2 Jn 

h a (t) = Y[h aj ( tj ), where h n {x) = ~^e^ — (e" 2 ™ 2 ) 

3=1 

is the n-th Hermite function in one variable with the normalization ||/i n ||2 — 1- 
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Then the collection of all Hermite functions h a ,a > 0, is an orthonormal basis 
of L 2 (M. d ). By identifying M. 2d with C d via ( TT3"j) . the short-time Fourier transform 
of h a with respect to h(t) = 2 d ^e~ nt is simply 

V h hJz) = e -™<(I^l) 1/2 z * e -^\ 2 /2 = e ~™< e j z ) e -*l*l a for z e C d . (15) 
\ a\ J 

REMARK: We mention that a formal Hermite expansion / = Yl a °ah a defines 

1 /2 

a distribution in the Gelfand-Shilov space (Sy 2 )', if and only if the coefficients 
satisfy \c a \ = (9(e e ' a ') for every e > 0. The Hermite expansion then converges 

1/2 1 /2 

in the weak* topology. Here we have used the fact that the duality (Sy 2 )' x Sy 2 
extends the L 2 -form (-, •) on SH 2 , and likewise the duality of the modulation spaces 
Mg(M. d ) x ML(1 ). Consequently, the coefficient c a of a Hermite expansion is 

1 /2 

uniquely determined by c a = (f, h a ) for / G {Sy 2 )'. See [2TJ for details. 

In the following we take the existence and convergence of Hermite expansions 
for functions and distributions in arbitrary modulation spaces for granted. By 
dfj,(z) = e _7r ' 2 ' dz we denote the Gaussian measure on C d . 

Lemma 3.1. Assume that 9(z) = (9(e a ' 2 ') and that 9 is radial in each coordinate. 

(a) Then the monomials z a ,a > 0, are orthogonal in Lg(C d ,fi). 

(b) The finite linear combinations of the Hermite functions are dense in M| (IR d ) . 

By using polar coordinates Zj = rje tLpj , where rj > and tpj G [0, 2n), we get 

z a = r a e i a -<p and dz = rx---r d dtpdr (16) 
and the condition on 9 in Lemma 13.11 can be recast as 

0{z)=0 o {r), (17) 

for some appropriate function 9q on [0, oc) d , and r = (ri, . . . , r^) and <p = (ipi, . . . , ipA 
as usual. 

Proof, (a) This is well-known and is proved in [HUH]. In order to be self-contained, 
we recall the arguments. By writing the integral over M. 2d in polar coordinates in 
each time-frequency pair, ([IB]) and ffTT|) give 

/ z a ^9(z) 2 e'^ 2 dz= ff e i(*-P)-v r *+P e -Kr* # ( r )2 ri . . . r d dtpdr . 

The integral over the angles ipj is zero, unless a = (3, whence the orthogonality of 
the monomials. 

(b) Density: Assume on the contrary that the closed subspace in M| (M. d ) spanned 
by the Hermite functions is a proper subspace of M|(R d ). Then there exists a non- 
zero / G (Mf (lR d ))' = M 2 /e (R d ), such that (f,h a ) = for all Hermite functions 
h a G M|(IR d ), a G N d . Consequently the Hermite expansion of / = ^2 a (f, h a )h a = 

1 /2 

in {S X j 2 ) , which contradicts the assumption that / =fi 0. ■ 
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Definition 1. The canonical localization operator J m is the localization operator 
A^ n associated to the weight m and to the Gaussian window h = h . Specifically, 

Jmf=[ m(z)(f,ir(z)h}n(z)hdz. (18) 

JR 2d 

For m = 9 2 we obtain 

(J m fJ) = (mV h f,V h f) R2d = \\V h f9\\ 2 2 = 2 (19) 

whenever / is in a suitable space of test functions. 

Our main insight is that localization operators with respect to Gaussian windows 
and radial symbols have rather special properties. In view of the connection to 
the localization operators on the Bargmann-Fock space (see below) this is to be 
expected. 

Theorem 3.2. If 6 is a continuous, moderate function and radial in each time- 
frequency coordinate, then each of the mappings 

J e : M 2 {R d ) -> L 2 (R d ), J e :L 2 (R d ) ->• M 2 /0 {R d ) 

J 1/e : M 2 /e (R d ) -> L 2 (R d ), J l/e : L 2 (R d ) -)• M 2 (R d ) 

is an isomorphism. 

The proof is non-trivial and requires a number of preliminary results. In these 
investigations we will play with different coefficients of the form 

T a (6) := (J e h a ,h a ), 

or, more generally, 

t«M := r a {9 s ) = (J 9 sh a ,h a ) = [ 6(z) s ^-\z a \ 2 e-^ 2 dz , (20) 

when 9 is a weight function and s6l. We note that the r a ^ s {9) are strictly positive, 
since 9 is positive. If 9 = 1, then r a ^(9) = 1, so we may consider the coefficients 
T a,s(9) as weighted gamma functions. 

Proposition 3.3 (Characterization of M| with Hermite functions). Let 9 be a 

moderate and radial function. Then 

11/111* = £iauiv Q (0 2 )- (2i) 

a>0 

Proof. Let / = XL>o c a^ l a be a finite linear combination of Hermite functions. 
Since the short-time Fourier transform of / with respect to the Gaussian h is given 
by 

a>0 
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in view of ffl"5l) . definition f|T8|) gives 

II/IIL = / \V h f(z)\ 2 9(z) 2 dz 

= £ c a c^ /" e a (z)^)^) 2 e-l 2 ! 2 d* = £ |c a | 2 T Q (# 2 ) . 

a,/3>0 a>0 

In the latter equalities it is essential that the weight 9 is radial in each time- 
frequency coordinate so that the monomials e a are orthogonal in Lg(C d ,fi). ■ 



In the next proposition, which is due to Daubechies [II], we represent the canon- 
ical localization operator by a Hermite expansion. 

Proposition 3.4. Let 9 be a moderate, continuous weight function on M. 2d that is 
radial in each time-frequency coordinate. 

Then the Hermite function h a is an eigenfunction of the localization operator Jg 
with eigenvalue r a (9) for a 6 Nq, and Jg possesses the eigenfunction expansion 

Jef = 5> Q (£)(/,/i a )/i a for all f G L 2 (R d ) . (22) 

a>0 

Proof. By Lemma [3.11 (a) we find that, for a^/?, 



[J$hp,h a ) = / 9{z)V h hp{z)V h h a {z) dz 
l<c d 

9(z)e p (z)l~{z)e~^ 2 dz = 0. 

c d 

This implies that Jgh a = ch a and therefore c = c(h a , h a ) = (Jgh a , h a ) = r a (9). 
For a (finite) linear combination / = Y^bx) ^?, we obtain 

Jgf = J~](J$f, h a )h a = y^y^c^JohpihJhg 

a>0 a>0 8>0 

= ^2^2 T p(9)5a,pcph a = 22 r a(0)c a h a . 

a>0 8>0 a>0 

The proposition follows because the Hermite functions span My e (M. d ) and because 
the coefficients of a Hermite expansion are unique and given by c a = (f, h a ). ■ 

Corollary 3.5. If 9 is moderate and radial in each coordinate, then Jg : L 2 (IR d ) — > 
My d (M> d ) is one-to-one and possesses dense range in M 2 , & (M.). 

Proof. The coefficients in Jgf = J2 a >o T a(.@)(fy h a )h a are unique. If Jgf = 0, then 
T a (9)(f, h a ) = 0, and since r a (9) > we obtain (/, h a ) = and thus / = 0. Clearly 
the range of Jg in My 9 {R d ) contains the finite linear combinations of Hermite 

2 



functions, and these are dense in M 2 , e {R ) by Proposition 13.1 
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To show that Jq maps L 2 (W d ) onto My g (M. d ) is much more subtle. For this we 
need a new type of inequalities valid for the weighted gamma functions in (120]) . 
By Proposition 13.41 the number T a , s {9) is exactly the eigenvalue of the localization 
operator Jgs corresponding to the eigenfunction h a . 

Proposition 3.6. If 9 G Ai w is continuous and radial in each time-frequency 
coordinate, then the mapping s h- > T a ^ s (9) is "almost multiplicative" . This means 
that for every s,t G K there exists a constant C = C(s,t) such that 

C^ 1 < Ta )S (9)T a) t(9)r a - s -t{d) — C for all multi-indices a. (23) 

Proof. The upper bound is easy. By Lemma 13.11 the Hermite function h a is a 
common eigenfunction of Jgs,J e t, and Jg-s-t. Since the operator J e sJ e tJ e -s-t is 
bounded on L 2 (M. d ) by repeated application of Lemma [2.11 we obtain that 

T a ,s{9)T a , t {9)T a _ s _ t (9) = \\JesJetJe-s-th a \\ L 2 < C\\h a \\ L 2 = C (24) 

for all a > 0. The constant C is operator norm of JosJ d tJ_ s _ t on L 2 (IR d ). 

For the lower bound we rewrite the definition of T a ^ s {9) and make it more explicit 
by using polar coordinates Zj = rje tipj ,rj > 0,(pj G [0,2ir), in each variable. Then 
by assumption 9(z) = 9 (r) for some continuous moderate function # on Mr^, and 
we obtain 

r a , s {9)= I 9(z) s ^\z a \ 2 e-^ 2 dz 



a l 



= (2Tr) d f 9 (r) 7 ^ r r 2a e~^ 2 r x ---r d dr 
Jul a\ 

poo poo d 1 

= (2n) d ... 9o(r 1 ,...,r d )T[ — (7rr]pe-^r 1 ---r d dr 1 ---dr d 
Jo Jo j=1 a j- 

poo poo " 

= ■ J 9 (\/ u i/k, V u d/n) II e ~ Ui dui "' dud ■ ( 25 ) 

Jo Jo j=l 

We focus on a single factor in the integral first. The function f n {x) = x n e~ x /n\ 
takes its maximum at x = n and 

f n (n) = -n n e~ n = (27m)- 1 / 2 (l + O^ 1 )) 
nl 

by Stirling's formula. Furthermore, /„ is almost constant on the interval [n — 
y/ri/2, n + y/n/2] of length ^/n. On this interval the minimum of f n is taken at one 
of the endpoints n ± \/n/2, where the value is 



1 1 r> n 1 

f n {n ± sfr/2) = -An ± v^/2)"e-^^/2) = i!L(i ± J_)» 
nl nl e n 2^/n 



e Tv^/2 
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Since 

lim AeZ- = 1 and lim (l ± V^' 2 = e -i/8 

n— >oo 77,! n— >oo v 2\/Tl 



by Stirling's formula and straight-forward applications of Taylor's formula, we find 
that 

fn(x) >^= for x G [n - >/n/2, n + \/n/2] and all n > 1 . (26) 

'77. 



For n = we use the inequality /o(x) > e -1 / 2 for x G [0, 1/2]. 

Now consider the products of the /„'s occuring in the integral above. For a = 
(a%, . . . , a d ) G Nq define the boxes 

d 

C a = Yl [otj - 2 _1 v /a7, aj + 2~ l max( v ^", 1)] C R d , 
i=i 

with volume vol (C a ) = YYj=i A/ max (2 _1 ? Consequently, on the box C Q we 
have 

^$^ ^c ^^7^ra^° (volC " ^1 (27) 

for some constant Co > which is independent of a G Nq. 

Next, to take into account the coordinate change in (125]) . we define the box 



_ jt p( aj . _ 2- 1 v ^~) 1/2 (aj + 2" 1 max( v %, 1)) 1/2 



7T \ 7T 



Furthermore the length of each edge of D a is 

tt-V^. + ^a-,2) 1 ' 2 - [a, - v^/2) 1/2 ) < .-V 2 

when aj > 1 and likewise for aj =0. Consequently, 

if z u z 2 G D a , then ^ - z 2 C [-7r~ 1/2 , 7r~ 1/2 ] d . (28) 

After these preparations we start the lower estimate of r a ^ s {6). Using (j2"7j) we 
obtain 

T a , s {0) = / ••• / 9 (y/ujir,..., \fua^) s T\ e~ Uj dui ■ ■ ■ du d 
Jo Jo jJl otj\ 

- itttt / Oq^u^tt, • • • > \Ju d /-K) s dux ■■■du d . 

VOl (O a J 

Since is continuous, the mean value theorem asserts that there is a point z = 
z(a, s) = (z\, z 2 , ■ ■ ■ , z d ) G C a , such that 

r a>s {9) > C 8 (y/z 1 /ir, . . . , ^/zd/it) 3 . 
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Note that the point with coordinates ( = ((a, s) = (a/^i/vt, . . . , \fz^pK) is in D a , 
consequently 

T a , s (9) > C e (C(a,s)) for C(a, s) E D a . 

Finally 

T a ,s(0)r a ,t(0)r Q ,- s -t(e) > C 3 0o(C)' W)* WO"*"* (29) 
for points (, (" E D a . Since the weight 6 is a w- moderate, 6* satisfies 

O (2: 2 ) -Z2) 

Since C, C, C" e the differences C~C" and C'-C" are in the cube ^ l/2 ] d 
as observed in (j28p . We conclude the non-trivial part of this estimate by 

r a ,MrUe)r a ,-,- t (e) > g. 3 ro(c ! c) . ro(c / co , a < 6I _^ 1/T »wr~' 

The proof is complete. ■ 

The next result provides a sort of symbolic calculus for the canonical localization 
operators Jg*. Although the mapping s — > Jgs is not homomorphism from R to 
operators, it is multiplicative modulo bounded operators. 

Theorem 3.7. Let 9 and \x be two moderate, continuous weight functions on R 2d 
that are radial in each time-frequency variable. For every r,s E R there exists an 
operator V s t that is invertible on every M 2 (R d ) such that 

Jgsjgtjg-s-t = V s> t- 

Proof. For s,t E R fixed, set 7(a) = r QjS (6 l )r Qit (6 l )r Q , i _ s _t(^) and 

V s , t f = ^7(a)(/, h a )h a . 

a>0 

Clearly, V s>t = JgsJ e tJ e - s -t. Since C7 _1 < 7(a) < C for all a > by Proposition ^. 6[ 
Proposition 13.31 implies that V Syt is bounded on every modulation space M 2 . Like- 
wise the formal inverse operator V~ t f = J2 a>0 l(c()~ 1 (f,h a )h a is bounded on 
M 2 (R d ), consequently V Sjt is invertible on M 2 (R d ). U 



We can now finish the proof of Theorem 13.21 



Proof of Theorem \3.2[ Choose s — 1 and t = —1, then JgJ\/g = is invertible 
on L? . Similarly, the choice s = —l,t = 1 yields that Ji/gJg = is invertible 
on Mq. The factorization JgJ\/g = ^1,-1 implies that Ji/g is one-to-one from L 2 to 
M| and that Jg maps M| onto L 2 . The factorization J\/gJg = VL^i implies that 
J# is one-to-one from M| to L 2 and that Ji/g maps L 2 onto M|. 

We have proved that Jg is an isomorphism from M| to L 2 and that Jug is an 
isomorphism from L 2 to M|. The other isomorphisms are proved similarly. ■ 



16 
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REMARK: In dimension d — 1 the invertibility of JgJg-i follows from the equiv- 
alence T nt i(9)r n -i(9) x 1, which can be expressed as the following inequality for 
weighted gamma functions: 

C- 1 < / 9 (J^)—e- x dx / == — T e~ x dx < C (30) 

for all n > 0. Here 9q is the same as before. It is a curious and fascinating fact 
that this inequality implies that the localization operator J\/g is an isomorphism 
between L 2 (R) and M| (R) . 

4. The General Isomorphism Theorems 

In Theorem 14.31 we will state the general isomorphism theorems. The strategy 
of the proof is similar to that of Theorem 3.2 in [19]. The main tools are the 
theorems about the spectral invariance of the generalized Sjostrand classes [16] and 
the existence of a canonical isomorphism between L 2 (R d ) and M| (R d ) established 
in Theorem 13.21 

4.1. Variations on Spectral Invariance. We first introduce the tools concerning 
the spectral invariance of pseudodifferential operators. Recall the following results 
from [16] . 

Theorem 4.1. Let v be a submultiplicative weight on R 2d such that 

lim v(nz) 1/n = 1 for all zeR 2d , (31) 

n— >oo 

and let v be the same as in ffTUl) . IfTe Op(M?°' 1 ) and T is invertible on L 2 (R. d ), 
then T~ l G Op(M?°' 1 ). 

Consequently, T is invertible simultaneously on all modulation spaces M^' 9 (R ) 
for 1 < p, q < oo and all /i G M. v . 

Condition (13~T1) is usually called the Gelfand-Raikov-Shilov (GRS) condition. 

We prove a more general form of spectral invariance. Since we have formulated 
all results about the canonical localization operators Jg for radial weights only, we 
will assume from now on that all weights are radial in each coordinate. In this case 

vfa £> Vi y) = v (-v, y) = v(y, v), 

and we do not need the somewhat ugly distinction between v and v. 

Theorem 4.2. Assume thatv satisfies the GRS-condition, 9 2 G Ai v , and that both 
v and 9 are radial in each time-frequency coordinate. 

IfT G Op(M~' 1 ) andT is invertible on M^(R d ), then T is invertible on L 2 {R d ). 

As a consequence T is invertible on every modulation space M^' q (M d ) for 1 < 
p, q < oo and jj, G M. v . 

Proof. Set T = JgTJx/g. By Theorem 13.21 Ji/g is an isomorphism from L 2 (M. d ) 

onto M|(R d ) and J e is an isomorphism from M|(R d ) onto L 2 (M. d ), therefore T is 
an isomorphism on L 2 (R d ). 
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Ml -A Ml 
t Ji/6 4 Je (32) 

L 2 (R d ) -A L 2 (R d ) 

By Theorem 12.41 the operator T is in Op(M^jl) . Since T is invertible on L 2 (M a! ), 
Theorem 14.11 on the spectral invariance of the symbol class M^/l implies that the 
inverse operator T also possesses a symbol in M°^' 2 , i.e., T _1 G Op(M^}l). 

Now, since T _1 = J^T^ 1 Jg 1 , we find that 

T 1 = Ji/flT 1 =/(9 • 

Applying Theorem 12.41 once again, the symbol of T _1 must be in M 00 ' 1 . As a 
consequence, T _1 is bounded on L 2 (R d ). 

Since T G Op(M~- 1 ) and T is invertible on L 2 (R d ), it follows that T is also 
invertible on M^ ,q (M. d ) for every weight E M. v and 1 < g < oo. ■ 

4.2. An isomorphism theorem for localization operators. We now combine 
all steps and formulate and prove our main result, the isomorphism theorem for 
time-frequency localization operators with symbols of superfast growth. 

Theorem 4.3. Let g G M^ 2w (R d ), /i G M w and m G M v be such that m is 
radial in each time-frequency coordinate and v satisfies ( 13~T|) . Then the localization 
operator A 9 m is an isomorphism from M^ ,q {R d ) onto M p,q m (R d ) for 1 < p, q < oo. 

Proof. Set T = A^^A^. We have already established that 

(1) T = A 9 x i m A 9 m possesses a symbol in M?^ 1 by Corollary 12.51 

(2) T is invertible on M|(R d ) by Lemma O 

These are the assumptions of Theorem 14 .2\ and therefore T is invertible on M^ ,q (M. d ) 
for every fi G M. w C M. vw and 1 < p, q < oo. The factorization T = A 9 x ,A 9 m 
implies that A 9 m is one-to-one from MP' q (R d ) to M^ 9 m (R d ) and that A 9 1/m maps 
M^ m (R d ) onto M^(R d ). 

Now we change the order of the factors and consider the operator X" = A 9 m A 9 x i m 
from M™jR d ) to M^ 9 m (IR d ) and factoring through M™(R d ). Again T" possesses 
a symbol in M?^' 1 and is invertible on My g (R d ). With Theorem 14.21 we conclude 
that T' is invertible on all modulation spaces M^ q m (R d ). The factorization of 
V = A 9 m A 9 1/m now yields that A 9 1/m is one-to-one from M™ m (R d ) to MP> q (R d ) and 
that A 9 m maps AfP'*(K d ) onto M p J m (R d ). 

As a consequence is bijective from M^ q {R d ) onto M™ m (R d ), and Aj, m is 
bijective from M p f m (R d ) onto MP- 9 (R d ). ■ 
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5. Consequences for Gabor Multipliers and Toeplitz Operators on 

Bargmann Fock Space 

5.1. Gabor Multipliers. Gabor multipliers are time-frequency localization oper- 
ators whose symbols are discrete measures. Their basic properties are the same, 
but the discrete definition makes them more accessible for numerical computations. 

Let A = AZ 2d for some A G GL(2d,R) be a lattice in R 2d , g,j suitable window 
functions and m a weight sequence defined on A. Then the Gabor multiplier G^ 7,A 
is defined to be 

G 9 m lA f = E m ( A ) (/> *W9M*h ■ (33) 
AeA 

The boundedness of Gabor multipliers between modulation spaces is formulated 
and proved exactly as for time-frequency localization operators. See [13] for a 
detailed exposition of Gabor multipliers and [9] for general boundedness results 
that include distributional symbols. 

Proposition 5.1. Let g,^ G M^ w (M. d ), m be a continuous moderate weight function 
m G M v . Then G 9 ^' A is bounded from MP' q (R 2d ) to M™ m (R d ). 

In the following we will assume that the set Q(g,A) = {7r(\)g : A G A} is a 
Gabor frame for L 2 (R d ). This means that the frame operator S 9j \f = Mf' 9, = 
Safa(/> ^W^^Wq * s invertible on L 2 (M d ). From the rich theory of Gabor frames 
we quote only the following result: If g G and Q(g, A) is a frame for L 2 (W d ), 
1 < p < oo, and m G Ai v , then 

ll/ll*** ^\(f^(X)g)\ p m(\yy /P for all / G M^(R d ). (34) 
AeA 

We refer to [15] for a detailed discussion, the proof, and for further references. 
Our main result on Gabor multipliers is the isomorphism theorem. 

Theorem 5.2. Assume that g G Mj 2 jR d ) and that Q(g, A) is a frame for L (Mr) . 
If m G M. v is radial in each time-frequency coordinate, then G^ 9,A is an isomor- 
phism from MP ,q (M 2d ) onto M^f m (M ) for every fi G M. w and 1 < p, q < oo. 

The proof is similar to the proof of Theorem 14 .3[ and we only sketch the necessary 
modifications. In the following we fix the lattice A and choose 7 = 5 and drop the 
reference to these additional parameter by writing C7^ 7,A as in analogy to the 
localization operator A 9 m . 

Proposition 5.3. If g E M*(R d ) and m G M v and 6 = m 1 ^ 2 , then G 9 m is an 
isomorphism from Mg(M d ) onto Mh 6 (M ). 

Proof. By Proposition 15.11 G 9 m is bounded from Mjj to Mh m = Mf, e and thus 

\\G 9 m f\\M !/e <C\\f\\ M 2. 

Next we use the characterization of M| by Gabor frames and relate it to Gabor 
multipliers: 

(G 9 JJ) = $>(A)|(/,7r(%)| 2 x \\f\\ 2 M > . (35) 
AeA 
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This identity implies that G 9 m is one-to-one on M| and that HG^/Ha/^ is an 
equivalent norm on M|. Since G 9 m is self-adjoint, it has dense range in M 2 , g , 
whence G 9 m is onto as well. ■ 

Using the weight 1/m instead of m and 1/9 instead of 9, we see that G\, m is an 
isomorphism from My g (M. d ) onto Mg(R d ). 

Proof of Theorem \5.2[ We proceed as in the proof of Theorem 14.31 Define the 
operators T = G 9 l/m G 9 m and T = G 9 m G 9 1/m . By Proposition O T maps M 2 (R d ) to 

Mg (M. d ), and since T is a composition of two isomorphisms, T is an isomorphism 
on M g 2 (M d ). Likewise T" is an isomorphism on M 2 ^ e (M. d ). 

As in Corollary 12 .51 we verify that the symbol of T is in M^' 1 (M 2d ). Theorem U 
then asserts that T is invertible on L 2 (M. d ) and the general spectral invariance 
implies that T is an isomorphism on M^' q (M. d ). Likewise T" is an isomorphism on 
M^'? m (R. ). This means that each of the factors of T must be an isomorphism on 
the correct space. ■ 

5.2. Toeplitz Operators. The Bargmann-Fock space T = J- 2 (C ) is the Hilbert 
space of all entire functions of d variables such that 

nd 

\\Ff F = / \F{z)\ 2 e-^ 2 dz < oo. (36) 
Jc 

Here dz is the Lebesgue measure on C d = M? d . 

Related to the Bargmann-Fock space T 2 are spaces of entire functions satisfying 
weighted integrability conditions. Let m be a moderate weig ht on C d and 1 < 
Pi q < oo. Then the space J-^' 9 (C d ) is the Banach space of all entire functions of d 
complex variables, such that 

= / (f \F(x + iy)\ p m(x + iy) p e- pnlx+iyl2/2 dx) q/P dy < oo . (37) 

Jr* ^jRd J 

Let P be the orthogonal projection from L 2 (C d , fi) with Gaussian measure dfi(z) = 
e _7r ' z ' dz onto J r2 (C d ). Then P is given by the formula 

PF{w)= [ F{z)e™ w e-*W 2 dz . (38) 
Jc d 

We remark that a function on M. 2d with a certain growth is entire if and only if it 
satisfies F = PF. 

The classical Toeplitz operator on Bargmann-Fock space with a symbol m is 
defined by T m F = P(mF) for F G J-" 2 (C d ). Explicitly T m is given by the formula 

T m F(w)= [ m(z)F(z)e^ w e'^ ' dz . (39) 
Jc d 

See pl44^ [TTl[T4^ for a sample of references. 
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In the following we assume that the symbol of a Toeplitz operator is continu- 
ous and radial in each coordinate, i.e., m(zi, . . . , zj) = mo(|^i|, . . . \zd\) for some 
continuous function mo from to R + . 

Theorem 5.4. Let fi G M. w , and let m G M. v be a continuous moderate weight 
function such that one of the following conditions is fulfilled: 

(1) Either m is radial in each coordinate, 

(2) or m is of polynomial type. 

Then the Toeplitz operator T m is an isomorphism from J~jfc q (C ) onto J r ^ 9 m { < C d ) for 
1 < P, q < oo. 

The formulation of Theorem 15.41 looks similar to the main theorem about time- 
frequency localization operators. In fact, after a suitable translation of concepts, 
it is a special case of Theorem 14.31 

To explain the connection, we recall the Bargmann transform that maps distri- 
butions on R d to entire functions on C d . 

Bf(z) = F(z) = 2 d / 4 e~ 7Tz2/2 [ f(t)e- nt2 e 27Tt - z dt z e C d . (40) 

If / is a distribution, then we interpret the integral as the action of / on the 
function e~ nt e 2wt ' z . 

The connection to time- frequency analysis comes from the fact that the Bargmann 
transform is just a short-time Fourier transform in disguise [THl Ch. 3]. As before, 
we use the normalized Gaussian hit) = 2 d ^e~ nt as a window. Identifying the pair 
(x,£) G M. d x M. d with the complex vector z = x + z£ G C d , the short-time Fourier 
transform of a function / on M. d with respect to h is 

V h f(z) = e mx <Bf{z)e-^ 2/2 . (41) 

In particular, the Bargmann transform of the time- frequency shift ir{w)h is given 
by 

B(n(w)h)(z) = e -™-v e ™z e -M™\ 2 /i w,z eC d ,w = u + ir]. (42) 

It is a basic fact that the Bargmann transform is a unitary mapping from L 2 (R) onto 
the Bargmann-Fock space J r2 (C d ). Furthermore, the Hermite functions h a , a > 
are mapped to the normalized monomials e a (z) = n^l 2 {a\)~ l I 2 z a . 

Let m'{z) = m(z). Then ()41j) implies that the Bargmann transform B maps 
MfifiW 1 ) isometrically to J-^{C d ). By straight-forward arguments it follows that 
the Bargmann transform maps the modulation space MP t ,IJ (R d ) onto the Fock space 

j^j(c d ) mm- 

The connection between time-frequency localization operators and Toeplitz op- 
erators on the Bargmann-Fock space is given by the following statement. 

Proposition 5.5. Let m be a moderate weight function on M. 2d ~ C d and set 
m'{z) = m(z). The Bargmann transform intertwines J m and T m >, i.e., for all 
f G L 2 (R d ) (or f G {S\fy*) we have 

B{J m f)=T m ,{Bf). (43) 
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Proof. This fact is well-known [TjlTTj . For completeness and consistency of notation, 
we provide the formal calculation. 

We take the short-time Fourier transform of J m = A 1 ^ with respect to h. On the 
one hand we obtain that 

(J m f, n{w)h) = e™"B(J m f)(w) e~^ 2 , (44) 

and on the other hand, after substituting ( I4ip and fl4"2"j) . we obtain that 



{J m f,n(w)h) = / m(z)V h f(z)V h (7t(w)h)(z)dz 



m(z)Bf{z)B{ix(w)h)(z)e-^ dz (45) 

c d 



= e wiu - v / m(z) Bf{z)e 7TZW e"" |z| dz e"" H /2 . 
Jc d 

Comparing (144 p and (14"5]) we obtain that 

B(J m f)(w)= [ m{z)Bf{z)e^ w e-^\ 2 dz = T m ,Bf{w). 
Jc d 



Proof of Theorem \5.4\ First assume that (1) holds, i.e., m is radial in each vari- 
able. The Bargmann transform is an isomorphism between the modulation space 
MPi q (R d ) and the Bar gmann-Fock space J r ^f(C d ) for arbitrary moderate weight 
function m and 1 < p, q < oo. By Theorem 14.31 the canonical localization operator 
J m is an isomorphism from M^ ,q (M. d ) onto M™ m (M. d ). Since T m / is a composition 
of three isomorphism (Proposition 15.51 and f T4"6]) ). the Toeplitz operator T m i is an 
isomorphism from J^; 9 (C d ) onto J r p q / m '(C d ). 

-r-p,q T m' -r-p,q 
•'n' r • r l x'/m l 

tB \B . (46) 

MP>i M p, f 

Finally replace m' and fi' by m and fi. 

By using Theorem 3.2 in [TH] instead of Theorem 14. 3[ the same arguments show 
that the result follows when (2) is fulfilled. ■ 
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